Gotay showed that a representation of the whole Poisson algebra of the torus given by geometric quantization is irreducible with respect to the most natural overcomplete set of observables. We study this representation and argue that it cannot be considered as physically acceptable, since classically bounded observables are quantized by operators with unbounded spectrum. This in turn can be traced back to the non implementation of functional relations among observables. Effectively, the latter amounts to lifting the constraints that compactify both directions in the torus.
Introduction
There are still some open questions as to what is precisely meant by quantization of a general symplectic manifold (see [1] for a discussion). Two interconnected problems affect Dirac's original formulation: (i) which Poisson subalgebra should one choose to impose the Dirac quantum condition "Poisson bracket goes to commutator"; (ii) which extra conditions should be required in order to guarantee that the quantum representation is physically meaningful.
Nonetheless, in special cases, e.g. when the phase space is the cotangent bundle of a Riemmanian configuration manifold Q, there are no doubts about which is the corresponding quantum theory. Regardless of the method of quantization, one should end, up to unitary equivalence, with a natural generalization of the Schrödinger quantization on R 2n (see [2] ): the Hilbert space is made of functions on Q, square integrable with respect to the volume form associated with the metric; functions on Q act by multiplication; linear functions in the momenta act by appropriate covariant first order differential operators and the kinetic energy is associated with the Laplace-Beltrami operator.
Three properties of this quantization are relevant to clarify questions (i) and (ii) above:
(a) The Hilbert space is irreducible with respect to the action of all operators representing the observables given by linear functions in the momenta and a set of (over)complete functions on Q (completeness on Q meaning that the functions separate points; thus, together with linear functions in the momenta, one gets a set of observables separating points in phase space).
(b) The (possible) non-triviality of Q-space is automatically dealt with: since functions on Q act by multiplication, any functional relations reflecting the non existence of global coordinates are implemented exactly at the quantum level.
(c) The "Poisson bracket goes to commutator" rule is not fulfiled for the whole Poisson algebra, in particular, it breaks down outside the subalgebra of polynomials no more than first order in momenta (with arbitrary functions on Q as coefficients).
Property (a) is quite important, since one does not want to enlarge the number of independent observables, in the quantization process. It is thus natural, regarding problem (ii), to require irreducibility with respect to a complete set of observables as an extra condition to impose on quantization, in general. Similar conditions are indeed often found in the literature (e.g. [3] ).
The relation between irreducibility and preservation of functional relations in a general symplectic manifold is a difficult subject. As is well known, Poisson and multiplicative structures are far from being completely compatible at the quantum level (see [1] for a discussion). In the cotangent bundle case, of course, the multiplicative structure in Q-space is exactly implemented in the quantum theory. Explicit incorporation of algebraic relations among observables plays an important role in Ashtekar's Algebraic Quantization Program, and in its application to the loop variables approach to Quantum Gravity [4] .
Property (c) seems unavoidable. In fact, it is known since the works of Groenewold and Van Hove (see [1] and references therein) that it is impossible to fulfil the Dirac quantum condition for the whole Poisson algebra on R 2n while keeping irreducibility of the Heisenberg algebra. This is the famous "no-go theorem" for R 2n . Although no general result was ever proved it is commonly believed that the essence of the "no-go" result is general, meaning that a physically acceptable quantization of the whole Poisson algebra cannot be found, for every symplectic manifold.
Recently, rigorous no-go results also based on irreducibility have been proven for the sphere S 2 [5] and the cylinder T * S 1 [6] . These results are part of a series of papers by Gotay et al. [1, 5, 6, 7] , partly devoted to give a precise meaning to quantization, finding maximal quantizable algebras and formulating a general "no-go theorem". Their definition of quantization starts with prequantization: modulo technicalities regarding domains of operators, prequantization is a linear map from some Poisson subalgebra (possibly the whole algebra) to self-adjoint operators such that the "Poisson bracket goes to commutator" rule is satisfied and the identity function is mapped into the identity operator. To pass from a prequantization to a quantization in a general case, Gotay et al. [1] propose an approach based on the Poisson structure and on irreducibility only: no relations among observables coming from the multiplicative algebra structure are imposed a priori. They look for a (minimal) basic set carrying the kinematical information and demand this set to be irreducibly represented. An important role is played by the required completeness properties for this basic set. Gotay et al. require only that the hamiltonian vector fields associated with functions in the basic set generate the tangent space everywhere in phase space. This choice is, in our opinion, questionable. As Gotay et al. acknowledge, it does not guarantee separation of points, globally. The latter, we think, must be imposed in order to make sure that one is quantizing the initial phase space and not its quocient by the relations defined by considering two points equivalent if they are not separated by the functions in the basic set.
As a result of their work, Gotay et al. proposed a weaker than expected "no-go theorem" [1] , since a quantization of the whole Poisson algebra of the torus is claimed [7] . We disagree that this is so, not by questioning the rigorous result proved, but its interpretation: we think that the representation of the whole Poisson algebra of the torus that is presented is not physically acceptable, although it satisfies an irreducibility requirement. This is the main point we wish to discuss in the present paper.
The Torus
In [7] Gotay shows that a prequantization of the whole Poisson algebra of the torus produced via geometric quantization (see [3] ) is in fact a quantization in the sense defined in [1] and outlined above, meaning that a basic set is irreducibly represented. The details are as follows (we take Planck's constant h = 1).
One realizes the torus T 2 as R 2 /Z 2 with symplectic form ω = dx ∧ dy and identifies the Poisson algebra C ∞ (T 2 ) with the periodic
The Hilbert space is given by the rules of geometric quantization; it is made of sections of a complex line bundle over T 2 . In [3] it is shown that the Hilbert space can be realized as the completion of the space Γ of complex C ∞ -functions φ on R 2 satisfying φ(x + m, y + n) = e 2πimy φ(x, y),
with inner product
The prequantization map iŝ
This representation can also be realized on L 2 (R), via the isomorfism W (defined between the dense subsets Γ and S(R), the Schwartz space) given by
Under this transformation the operators ( This situation is presented as a genuine "go theorem", and used in [1] to help formulating the hypothesis of a possible general "no-go theorem".
We believe, however, that this representation of the Poisson algebra of the torus cannot be considered a physically meaningful quantization of the torus. Consider, for instance, the quantum operators representing sin(2πx), cos(2πx), in the L 2 (R) representation :
cos(2πx)ψ(x) = (cos(2πx) + 2πx sin(2πx))ψ(x).
The form of the operators clearly shows that they are unbounded, having as spectrum the whole real line. This drastic enlargement of the spectrum of classically bounded observables has, of course, dramatic consequences: for instance, the quantum measurement of the mean value of sin(2πx) can produce any real value. Also, the relation between the commuting observables sin(2πx) and cos(2πx) is lost. In fact, the trigonometric relation is violated in a way that cannot be consistently interpreted as a deformation: from (5) and (6) one gets
We see that the classical relation is violated by the presence of an unbounded operator, which, as seen from (2), does not correspond to the quantization of any observable on the torus. We consider these features of the representation to be physically unacceptable, since the correspondence with the classical theory is broken at a very fundamental level.
Discussion
It is clear from the unboundedness of the spectrum of sin(2πx) and cos(2πx) and the related violation of the trigonometric relation that information about the global topology of the phase space was lost. This representation effectively "decompactifies" the phase space. This "decompactification" accounts for the infinite dimensionality of the Hilbert space, which goes against the physical expectation of having only a finite number of independent quantum states associated with a compact phase space. In our opinion, this example shows that irreducibility by itself does not guarantee, in a general symplectic manifold, that one gets a physically acceptable quantum theory. In globally non-trivial cases functional relations among basic observables appear as essential, since they carry information about the global topology of the phase space. Loosing this information is certainly not desirable and leads to unphysical features in the quantum representation, breaking the correspondence with the classical theory (see [4] for a general discussion). In the present case of the torus we showed that crucial global topological information was indeed lost in the quantization process, although the irreducibility requirement was satisfied.
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